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The optical properties of carbon nanotubes strongly depend on the polarization direction of the incident
light. The challenge of describing the optical properties analytically is mainly associated with the calculation of
dipole matrix elements. Although an analytic expression has been obtained for dipole matrix elements for light
polarized parallel to the nanotube axis no expression has been found so far for the perpendicular case. Based
on the structural symmetry we obtain an analytic expression for the electric-dipole matrix elements of single
wall carbon nanotubes with arbitrary chirality for linearly polarized light with polarization perpendicular to the
nanotube axis. This expression is used to calculate the short axis linear susceptibility semianalytically. Excel-
lent agreement with numerical calculations is demonstrated.
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I. INTRODUCTION

The optical properties of carbon nanotubes (CNs) have
been studied extensively both experimentally'™* and
theoretically.”>~'> Notably, the polarization-dependent optical
properties of these nanomaterials have been investigated in
many aspects and in different ranges of energy.>%!3-16-18 Be-
cause of their nanometer-sized diameter and a micron-sized
length, CNs are quasi-one-dimensional systems. Due to their
one dimensionality, their optical response strongly depends
on the polarization direction of the incident light with respect
to the nanotube axis. Moreover, the polarization absorption
coefficient of CN fiber for electric field parallel and perpen-
dicular to the fiber axis have become experimentally
accessible.!”?? Therefore, a study of the polarization depen-
dence of the optical matrix elements is required. A few the-
oretical papers have investigated the optical properties of
CNs for light polarized parallel to the nanotube axis
analytically.'>"!> However, for polarization perpendicular to
the axis no analytic calculation for CNs with arbitrary chiral-
ity has been done so far. In our previous work,'> we have
investigated the linear susceptibility of zigzag CNs for light
polarized both parallel and perpendicular to the nanotube
axis. We have managed to find closed form analytic expres-
sions for electric dipole matrix elements for polarization both
parallel and perpendicular to the nanotube axis. The optical
matrix elements of semiconducting CNs around the K (K’)
points of the two-dimensional (2D) Brillouin zone have been
investigated analytically by Goupalov,'? who has studied the
dependence of the optical matrix elements on the nanotube
chirality and excitation energy as well as the allowed transi-
tions in each case of polarizations. However, a full form for
the calculation of the electric-dipole matrix elements has not
been obtained. Our calculations clearly show the selection
rules governing the transitions and moreover provide an ana-
Iytic expression for the electric dipole matrix applicable to
all band to band transitions. Jiang and co-workers'* have
investigated the dipole matrix elements for light polarized
both parallel and perpendicular to the nanotube axis. They
have obtained an analytic expression for the parallel case for
CNs with arbitrary chirality and, moreover, derived an ex-
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pression for the perpendicular case valid for armchair CNs
but only near the Fermi level. However, their method does
not exploit fully the structural symmetry of CNs as evi-
denced by the fact that different matrix elements are obtained
for allowed degenerate transitions. Hence, it is difficult to
apply to chiral CNs. In this paper, we obtain analytic expres-
sion for electric-dipole matrix elements for light polarized
perpendicular to the nanotube axis for CNs with arbitrary
chirality. This universal expression is reduced to even sim-
pler forms for the cases of zigzag and armchair CNs. We use
the obtained expression to investigate the short axis linear
susceptibility for CNs with arbitrary chirality semianalyti-
cally. Moreover, it could be used to study the linear and
nonlinear optical properties of SWCNs. The tight-binding
method has been used in our calculations to find the dipole
matrix elements for light polarized perpendicular to the
nanotube axis has included neither the exciton effect nor de-
polarization effect. Our aim is to find an analytic expression
for dipole matrix elements originating from all band to band
transitions for CNs with arbitrary chirality. Apparently, this is
only possible in the simple noninteracting case.

II. ENERGY DISPERSION RELATION
FOR CARBON NANOTUBES

The electronic properties of single walled carbon nano-
tubes (SWCNs) within the single-particle approximation are
often described by the tight-binding approximation.?3-2” Tak-
ing into account the nearest neighbor interaction when com-
bined with a zone-folding approximation the tight-binding
model yields analytic expression for the electronic band
structure of CNs. Figure 1 shows the atom A at the origin and
its three nearest neighbor B atoms in the hexagonal lattice of
graphene along with the rotated coordinate system (X,Y) in
the circumferential and axial directions, respectively.

To make a tube, the translational vector T will be in the

direction of the nanotube axis and the chiral vector C in the
circumferential direction. Hence, we consider the Y axis par-
allel to the translational vector and X axis in the circumfer-
ential direction in order that the wave numbers K; and K,
provide the circumferential and axial components of the

©2009 The American Physical Society


http://dx.doi.org/10.1103/PhysRevB.80.195422

ABBAS ZARIFI AND THOMAS GARM PEDERSEN

(®)
y
_ B,
. 0, 4,
X 9, 5(:
R 63 B2
By

FIG. 1. (a) Unrolled positions of an A atom at the origin and its
three nearest neighbor B atoms. The angle between the bonds and
the chiral C and translational 7 vectors are also shown. The com-
ponents X and Y of the rotated coordinate system are chosen in the
direction of the circumferential and translational vectors, respec-
tively. (b) Rolled-up positions for an A atom at the origin (A,) and
its three nearest-neighbor B atoms.

wave vector, respectively. We ignore the mixing of 7 and o
orbitals due to the curvature of the nanotube and thus con-
sider only 7 bands, as curvature effects are of minor impor-
tance for all but the smallest CNs. Following Ref. 27, the
nonzero Hamiltonian elements Hy,(k)=H’; z(k) are given by

H,p(k) = yof (),

3
= o) = ka3 | 9 ikal(2\3) cos(k,ar2), (1)
=1

where a=2.46 A is the lattice constant of graphene,
Y%=2.89 eV 1is the nearest neighbor overlap integral,
l;f (I=1,2,3) are the nearest-neighbor carbon atom vectors
from A to B sites,?” and

k.,=K, cos(a) - K, sin(a),

k,=K; sin(a) + K, cos(a), (2)

where a=m/6—cos ' [(2n+m)/ (2\Vn*+m>+nm)], where m
and n designate the chiral indices of the CN in the usual
notation.?’” Hence, solving the 2 X2 Hamiltonian matrix
equation, the energy eigenvalues are obtained as a function
of a, K|, and K, given by

-

EC,U(k) ==* YO|f(/g)

. 3)

where

1f(k)| = V342 cos(kya) +4 cos(kya/2)cos( \e"gkxa/Z). (4)

For all arbitrary (n,m) CNs the allowed wave vector compo-
nents K" in the circumferential direction are defined by
KiYL=27mu, wp=0,...,N-1, (5a)

and
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-mT=K,=7/T. (5b)

Here, L is the length of the nanotube circumference and N
the number of hexagons in the nanotube unit cell. The cor-
responding normalized eigenvectors are

- 1 .
v(k) = (Cop, Cop) = (= €™ 1),
AY

() = (Cony Cop) = = (e, 1) (©)
\2

in which ¢,. as the argument of the quantity

e~ikib 4 D pthib12 cos(v’gbky/Z), is defined by

[ 2 cosk,b\3/2)sin(k,b/2) - sin(k,b)
Py,c= tan A . (7)
2 cos(k,b\3/2)cos(kb/2) + cos(k,b)

III. ELECTRIC DIPOLE VECTOR
FOR CARBON NANOTUBES

Denoting the valence bands by v and the conduction
bands by c, the electric-dipole vector between an initial va-
lence and a final conduction state is given by

dejr i = — e (K", )| A, (K, P)). (8)

Here, ¢>0 is the elementary charge. As the functions

1,//1,,6(1;,7) are the eigenfunctions of the unperturbed Hamil-
tonian operator, one can write

. . 1 L
ARSI TACRE E—C(E’) _EU(E)WC(k PH, 7, (k, 7)),
)

in which [H,7]=Hi-FH. Expanding the eigenfunctions
%,C(E,F) by a linear combination of Bloch functions
D (k ,F):%,E;V e*Risp(7—R,,), where N is the number of unit
cells, @(F—ﬁ) denotes the atomic m-electron wave function,

R, is the position vector for each [ carbon atoms in the sth
unit cell, and introducing the completeness relation

qu|<p(7—15pq))(go(7—13pq)|=1 between H and 7, Eq. (9) can
be written

. o 1 1 ~ _
k' A\ Ag, (k7)) = ———=—=2, C..(k")C,i(k
Wk PIRR D)= o CLRIC

T o g
XE e—lk 'Rsie’k'Rtj
st

X (R~ R} e(P|Alel7 - (R~ R)D).
(10)

where Ew(lg’,lg)=Ec(l€’)—Ev(lz) and the expansion coeffi-
cients C,;(k) and C, j(lg) are the eigenstates of conduction and
valence bands. Here, we have changed the variable of

195422-2



UNIVERSAL ANALYTIC EXPRESSION OF ELECTRIC-...

integration from 7 to F’:F—ES,» and after that dropped the
prime on the dummy integration variable 7' for convenience.
Equation (10) is a general equation for any arbitrary unit cell
with any number of atoms. We will now apply this equation
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to the substructure containing an A and B atom in the
graphene unit cell and then applying boundary conditions to
generate the corresponding result for CNs. Hence, consider-
ing only the three nearest-neighbor atoms, Eq. (10) is written

N R 1 o N P R N R R
(k' 7)| 7, (k7)) = f{ciA(k'>ch<k>E e M Ruae®Rs(R o — R ) @(F)|H| e[ F = (Ryp = Ryp)])
NE_,(k',k)
+ Cy(RNCos(B) Y, e Rene®Rir(R,, — R o)) H @[ — (R, — ﬁsg>]>}. (11)

Introducing §z3=§m +I;f and I?tAzﬁsBH;f , where 5? and I;f (I=1,2,3) are the nearest-neighbor carbon atom vectors from A
to B and B to A sites, respectively, and |b?|=|b?|=|b)|=ac_c=a/\3 is the bond length, one has

(WK )|y (K, 7)) =

co\™
3

3

s =1

1 kT s i AN i*'*A_, A . N
Vi o | Ca®ICaOE 2 e B (Pl (- )

% —), = l —)_—)! .‘ i"_‘B—) - A - -
+ Cop(k) Cop(B) 2 2 ek Rangihbr pB o((7) | H| (7 = BE)) | - (12)

s I=1

Introducing atomic dipole vectors 78 as:
3 3
> A > >, 7B >
R == b, PR =- 2 e Mb), (13)
=1 =1

and replacing l;‘? and I;f by —l;f and —Ef in Eq. (12), respec-
tively, we obtain the general form of the electric dipole vec-
tor:

— €%
NE,,(k',k)

+ CHENCA DS ef<'9-'?’>"iﬂz73<l€>}, (14)

{Ci‘-A@)cUB(E)E DR ()

where again  y,={(¢(?)|H| @(F+b"P)) for three nearest-
neighbor atoms. Equation (14) is in full agreement with Eq.
(8) in Ref. 14 where they have obtained the momentum ma-
trix element instead of the electric dipole matrix element. It
is mentioned that the second term of Eq. (14) is not the
complex conjugate of the first term. Equation (14) can be
used to find the dipole matrix elements for both parallel and
perpendicular polarizations in CNs. In the case of parallel
polarization, all A atoms in different cells have the same
component of the atomic dipole vector and similarly for all B
atoms. Hence, Eq. (14) is readily simplified for parallel
polarization.'*?® For the case of perpendicular polarization
one needs to consider the phase difference between atoms A
in different cells and B atoms as well. In this case, we have

obtained a closed form analytic expression for zigzag CNs.!?
Using an expression similar to Eq. (14), Jiang and co-
workers have presented a method to obtain the dipole vector
for armchair CNs'* for the case of perpendicular polarization
and have obtained an expression to linear order in Ak, and
Ak,. However, because the full structural symmetry of the
system has not been taken into account, their method is dif-
ficult to apply for arbitrary chiral CNs. Below, we derive an
analytic expression for the perpendicular case of the electric-
dipole vector for SWCNs with arbitrary chirality and its be-
havior for the important subclasses of zigzag and armchair
CNs is discussed. Subsequently we use this expression to
find the short-axis linear susceptibility for SWCNS.

IV. PERPENDICULAR POLARIZATION

Using Eq. (14), the x component of the electric dipole
vector is given by

—eY w7 - Wi .
dﬁl?’ vk = »0 —1 Coalk )CUB(k)E el )R‘”‘Uf(k)
" NE,, (k' ,k) 5

+ CpRNCu (02 ef<f?—'?’>-ﬁwuf<zz>}. (15)

In fact the cylindrical symmetry makes it more convenient to
work with right and left handed operators v, and v_, respec-
tively, defined by v.=v,*iv,. For CNs with arbitrary inte-
gers (n,m), the x and y components of 7* and #® for any
arbitrary A and B atoms based on a chosen A, atom and its
three nearest neighbors as B, atoms shown in Fig. 1(b) are
given by
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() = S + S D]
() = S e (R) — (R,
() = T + D),

i . - . -
0y(¢)) = 5l 2(8) - e o). (16)
Here, ¢;=2mj/N, (j=0,1,...,N-1) is the phase difference
between two A sites or two B sites respectively. Inserting Eq.
(16) into Eq. (15), one obtains

k' Wk = =™

—n C:A(E,)CUB(E)E ei(]g_];/)'éf/*e""}fvﬁo(/g)
ZNECU( k' ) s

— Co(R)Coa (DX D Rangidiy o)
:
+C (R Cp(D) 2 e EF 1 RungmidiAo(f)
— CL(RN (DX e"<k“-k">"5sse-f¢fv€0<1€>}. (17)
Using the fact that e/ Ro = pi(Ka=K'2)Rip gi =27 JiIN g

simplifying Eq. (17), one obtains

—eYy0k.k
d-

ck’,v/; =2 2[{C(A(k UB(k)UAO(k)

2E,, (k')
ClplB) Con (B0 5} 8,12y

+{CoA(K")C, gl (k)

— CoyR)C R0 ()} 8,02, 1]

The y component of the electric dipole vector is obtained by
exploiting Eq. (14) once more and do the calculation in a
similar manner to that of the x component, hence,

(18a)

A ;= %[{C ek Cp)v’io(k)
k= e ws(K)V}
= Clpk") Cop(R)0 YR} 6,1 e
—{C\ (k") C, kv (k)
= Cop(K) Cop(kP0(R)} 8,0

Comparing Egs. (18a) and (18b), the following relations be-

(18b)

tween dx o and & - -, are established. For n' =p+1 case,
ck vk
I —
ckvk’ ld:kvk' and for p'=p~1 case, ckvk' djkvk/ Fur-
thermore, these equations show that the transitions

E’/’L(k)HE;tl(k) are the allowed for the case of perpendicu-
lar polarization. These relations previously have been shown
for armchair CNs in Ref. 14.
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The next and most important step is to find v° and v%° for
SWCNs with arbitrary chirality. To this end, we have se-
lected a 3D coordinate system, Fig. 1(b), where the z axis
normal to the plane indicates the nanotube axis and the x axis
is defined in such a way that it passes through an A atom,
called Ay. We note that because of the full symmetry of the
system there is no priority for choosing A, as a reference site
over the B, site. When a graphene layer is rolled up around
the Y axis (translational vector) in Fig. 1(a), the positions of
the three nearest-neighbor atoms is the same as shown in Fig.
1(b). By fixing atom A, on the x axis so that x, =R and
yA0=O, where R is the radius of the nanotube, one can easily

find the components of the vectors I;fo and Z;f", given by

bgCO:R cos(ﬁi)—R, i=132’33

b?;) =R sin(6)), bg;? =—R sin(6,), bg‘;’ =— R sin(6s),

bpo==b0, bpo=—bY. (19)

Here, the associated angles of the three nearest neighbor at-
oms are given by

SaB, m(n+m)
0= R =n2+m2+nm’
b= SA032 ™
" R n*+m?+nm’
Sa.B mn
Oy=—1—= (20)

R n*+m*+nm’

Inserting Eqgs. (19) into the Eq. (13) the x and y components
of the atomic dipole vectors 70-80(k) are given by

D == S
I=1
- R{e‘ikxb[cos(ﬂl) _ 1] + eikxb/Z—ikyb€§/2[Cos(02) _ 1]
n eikxb/2+ikyb\§/2[cos( 0y — 11},
3
o0 = - g g

= R{= e7& sin(6,) + efleb/2-iky 312 sin(6y)

+ elkxb/2+'kyb\’3/2 sin(63)},

v2(k) = — v*(k), vBO(lg) =— véO*(lg). (21)

Using the relation v (UA°+ lUAO) one has
v/io =R{e7*P(1 - e

kel p32(]

=ity 4 ezkxb/Z—zkyh\B/Z( 1 —e%if)

eii03)}.

As mentioned, exploiting the full symmetric of the system
one can easily obtain the expressions for v

+ (22a)
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FIG. 2. k dependence of |p,| for a (8, 8) CN for some allowed
transitions. Transitions are labeled with respect to the quantum
numbers introduced in Eq. (5a).

B, Ag*
v =—plo

— _R{eikxb(l —e*ith) +e—ik,\.b/2+ikyb\f§/2(l —eTit)

4 erikebl2-ikb\312(] _ et} (22b)

For simplicity we write v40=—v50*=|p40|e’¢=, in which ¢,
as the argument of the v, is given by ¢ =arctan(X./Y-),
where

X =—sin(b))[1 - cos(0,)] F sin(6;)cos(b;)
3
+ E {sin(b;)[ 1 — cos(6;)] = sin(6;)cos(b;)}

i=2

3
Y. = E {cos(b))[1 = cos(6)] = sin(H)sin(b;)}. (23)

i=1

Using the eigenvector equations Eq. (6) and atomic dipole
vector Eq. (22b) and inserting into Eq. (18a) and (18b) we
obtain closed form expressions for the x and subsequently y
components of the electric-dipole matrix elements, given by

e i =1 il
eYolv| 6k &
2B, (KR

. lzwé) ) - m@]
Sin 2

Oy

m'=pEl:

(24)
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FIG. 3. k dependence of |p,| for (4, 2) CN for all allowed
transitions.

Equation (24) is the main result of this paper. It gives the
absolute value of the electric dipole matrix elements for ar-
bitrary (n,m) SWCNs as a function of wave vector and chi-
ral angle. The equation indicates that for perpendicular po-
larization, electric transitions are allowed between valance
and conduction states with the same 1D wave vector (51;2135)
but different energy subband indices w and u' differing by
+1.

Applying values a=m/6, 6,=0;=", 6,=0, k,=[K\3/2
-K,/2], and k,=[K,/2+K,\3/2] for zigzag CNs, one
simply obtains v30=2 Rek22 Re[(1—e™™")e~#(K113)2] and
2¢.(k)=bK,=aK,/\3. Therefore, for zigzag CNs, we
obtain [v49|=2R X Re[(1—e* ™) e~ K1\32]=2R|cos(u/n)
—cos(u'7/n)|. Using these expressions, Eq. (24) is found to
be in a full agreement with our previous work.!> The expres-
sion for [v49] is k independent for zigzag CNs but depends on
k for armchair and chiral CNs. We plot the absolute value of
the momentum matrix element p,=(m,/fe)E,, (k' .k)|d,
for the important transitions near the band gap of a (8, 8) CN
in Fig. 2. According to the energy dispersion relation, one
can easily see that transitions from valence to conduction
bands (v — c¢) denoted by 9— 10 and 6 — 7 are equal and this
is also the case for the transitions 8 =9, 7—8 and 5—6,
10— 11. Therefore, each group of the transitions has exactly
the same value of the momentum matrix element as shown in
the plot. These bands are separated only in the presence of a
constant magnetic field. Our plot in Fig. 2 for armchair CNs
basically is similar to that of Fig. 6 in Ref. 14. However
looking carefully at Fig. 6 in Ref. 14 it is seen that allowed
degenerate transitions have created different matrix ele-
ments. For example degenerate transitions such as 10— 11,
9—10 have led to different matrix elements, which would
not be the case if the full symmetry were exploited. Other
degenerate transitions such as 11—12, 8 -9, and 12— 13,
7— 8 also have produced different matrix elements.

We note that the matrix elements obtained in Ref. 14 can-
not give a correct result for obtaining optical properties of
CNs e.g., linear susceptibility. By using the same method for
chiral CNs it clearly breaks the symmetry of the system. In
fact, the definition of nearest-neighbor atoms is not consis-
tent with Eq. (7) in that paper. To make clear the symmetry
of our calculation we plot the absolute value of the momen-
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FIG. 4. (a) The imaginary ( )(;fy) and (b) real ( X;'y) parts of the susceptibility of some SWCNSs for parallel (Para) and perpendicular (Per)

polarization.

tum matrix element for chiral CNs, e.g., (4, 2) CN in Fig. 3.
The plot shows the full symmetrical behavior of the system
in the first Brillouin zone and moreover enables us to study
the momentum vector including all transition bands even in
complicated chiral CNs. Using Eq. (24), one is able to reduce
huge amount of numerical calculations and obtain the optical
properties of CNs semianalytically. In the following, we use
Eq. (24) to obtain the short axis linear susceptibility for ar-
bitrary (n,m) SWCNs.

V. SHORT AXIS LINEAR SUSCEPTIBILITY
Using the diagonal components of the linear susceptibility

given by'?

/T
o E.(kdk
d. (b)) —=—""—=,
b . () E2 (k) - h*Q?

cuv v -m/T

2
Xii(w) = ek (25)

the y component of the short axis linear susceptibility is
given by

e2720 N-1 T
(@)= — 5 Sy |2
X}y(w) TEoA KZKZ,L,§=0 /J,—/.Lljo |v_|
N >, = 2
| {2<p+<k>—<pc<k)—<pv(k>}
Xsin
2
dk,

" (B2 (0) — 1202)° (26)

Due to the complicated k dependence of the sin term as well
as the transition energies, no analytic solution has been found
for this integral. In the form given above, however, the inte-
gral is easily computed numerically. The importance of
knowing the absorption spectra from isolated SWCNs for
both parallel and perpendicular polarization has been pointed
out in a resonance Raman studies of SWCNs.?° They showed
that resonance Raman scattering from cross polarized light
involving the E,, ,~; van Hove singularities in the joint den-
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sity of states also needs to be taken into account when ana-
lyzing Raman spectra from isolated SWCNSs.

To show the polarization-dependent optical properties of
CNs we plot x,, for both real and imaginary parts of some
CNs (4, 2), (7, 3), and (5, 5) in Fig. 4. The peaks for parallel
polarization originate from minima and maxima of occupied
and unoccupied bands with the same energy subband indices.
However, those for perpendicular polarization originate from
minima and maxima of occupied and unoccupied bands with
different energy subband indices. It is seen that the resonance
energy positions are different for different polarization direc-
tions and moreover in the perpendicular case the susceptibil-
ity is made up of a broad hump in agreement with our pre-
vious work.?® It should be mentioned that we do not consider
the depolarization effect.3*33 It is also noted that for both
cases the intraband transitions have not been taken into ac-
count. Hence, for metallic CNs in the case of perpendicular
polarizations a resonance peak appears at lower energy than

PHYSICAL REVIEW B 80, 195422 (2009)

that of the parallel polarization. This peak is created by the
transitions originating from valence band lower than the
band crosses the Fermi level to the conduction band which
passes through the Fermi level. If intraband transitions are
taken into account there will be a high-resonance peak at
very low energy for the case of parallel polarization.

VI. CONCLUSION

Using the tight-binding approximation we have calculated
the optical matrix elements of single wall carbon nanotubes
with arbitrary chirality for linearly polarized light with po-
larization perpendicular to the nanotube axis. The significant
k dependence of dipole matrix elements means their inclu-
sion cannot be ignored in accurate calculations of the optical
response. Moreover, we have studied the short axis linear
susceptibility semianalytically.
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